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We perform state-of-the-art large-scale shell-model calculations of the structure factors for elastic
spin-dependent WIMP scattering off 129,131Xe, 127I, 73Ge, 19F, 23Na ,27Al, and 29Si. This compre-
hensive survey covers the nonzero-spin nuclei relevant to direct dark matter detection. We include a
pedagogical presentation of the formalism necessary to describe elastic and inelastic WIMP-nucleus
scattering. The valence spaces and nuclear interactions employed have been previously used in
nuclear structure calculations for these mass regions and yield a good spectroscopic description of
these isotopes. We use spin-dependent WIMP-nucleus currents based on chiral effective field theory
(EFT) at the one-body level and including the leading long-range two-body currents due to pion
exchange, which are predicted in chiral EFT. Results for all structure factors are provided with
theoretical error bands due to the nuclear uncertainties of WIMP currents in nuclei.
PACS numbers: 95.35.+d, 12.39.Fe, 21.60.Cs
I. INTRODUCTION
About 25% of the energy density of our Universe con-
sists of dark matter, a form of matter that rarely inter-
acts with baryons and has eluded direct observation so
far [1, 2]. This large-scale problem is closely connected
to new physics at the smallest scales, because dark mat-
ter candidates arise naturally in extensions of the Stan-
dard Model of particle physics [3]. Prominent dark mat-
ter candidates are weakly interacting massive particles
(WIMPs). They are predicted in supersymmetric mod-
els, as the lightest supersymmetric particles (typically
neutralinos) and also in other Standard Model extensions
like models with extra dimensions. WIMPs are especially
promising candidates, because they account naturally for
the dark matter energy density established by observa-
tions [2]. Moreover, WIMPs interact with quarks, and
thus with baryonic matter, opening the door to direct
dark matter detection via elastic scattering off nuclei [4].
Inferring properties of dark matter from direct detection
therefore requires detailed knowledge of the structure fac-
tors for WIMP scattering off strongly interacting nuclei.
In this work, we focus on spin-dependent (SD) WIMP
scattering [5], which is relevant becauseWIMPs can carry
spin. In particular we assume spin 1/2 WIMPs, such as
neutralinos or other Majorana fermions. The detection
of elastic SD WIMP scattering has been the goal of sev-
eral past and ongoing experiments [6–12], using different
nonzero-spin nuclei as target, but so far without evidence.
Evaluating the response of nuclei to WIMPs is challeng-
ing. First, it requires matching the WIMP-quark cou-
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plings in a particular supersymmetric model to WIMP-
nucleon currents. Because quantum chromodynamics
(QCD) is nonperturbative at low energies, this is best
achieved using effective theories [13–16], in which spin-
independent and SD interactions generally enter in lead-
ing order. Second, the WIMP-nucleus response requires
reliable nuclear-structure calculations. This is especially
important for SD interactions, because the response de-
pends on how the spin of the nucleus is distributed among
nucleons (due to attractive interactions most of the nu-
cleons pair to spin zero). For the isotopes of interest [6–
12], this involves medium-mass to heavier nuclei and is
a challenging many-body problem. Previous calculations
of SD WIMP scattering off nuclei [5, 17–23] have relied
on phenomenological WIMP-nucleon currents, and are
based on nuclear-structure calculations that can be im-
proved with recent advances in nuclear interactions and
computing capabilities. This work presents progress on
these fronts.
The typical momentum transfers involved in WIMP
scattering off nuclei are low and of order of the pion mass.
In addition, the typical momenta involved in low-energy
nuclear structure are similar. At these momentum scales,
chiral EFT provides a systematic expansion in powers of
momenta Q for nuclear forces and for the coupling to ex-
ternal probes, based on the symmetries of QCD [24, 25].
In addition to the coupling through one-body (1b) cur-
rents, generally at leading order, two-body (2b) currents
enter at higher order and are quantitatively important.
In previous work [15] we have derived the currents for
SD WIMP scattering off nuclei based on chiral EFT, in-
cluding 1b currents and the leading long-range 2b cur-
rents due to pion exchange, which are predicted in chiral
EFT. As an application, we focused on the scattering
off 129,131Xe, as they provide the most stringent limits
for WIMP coupling to neutrons [26]. Our results have
recently been adopted as benchmark for the XENON100
2SDWIMP-nucleon cross-section limits [12], and have also
been used in Ref. [27].
More generally, two-body contributions to weak neu-
tral currents have been shown to be key for providing
accurate predictions of neutrino-deuteron scattering at
solar neutrino energies for SNO [28, 29]. Weak neu-
tral currents based on chiral EFT have been explored for
light nuclei and neutrino breakup in core-collapse super-
novae [30–33], and 2b weak charged currents have been
shown to provide important contributions to Gamow-
Teller transitions and double-beta decays of medium-
mass nuclei [34]. Following our previous work [15],
Refs. [35, 36] have reported simple prescriptions to ap-
proximately include the effects of chiral 2b currents in
previous calculations of SD WIMP-nucleus scattering.
This work expands Ref. [15] by presenting state-of-the-
art large-scale shell-model calculations that describe the
nonzero-spin states of all isotopes that are experimentally
relevant for SD WIMP direct detection: 129,131Xe, 127I,
73Ge, 19F, 23Na, 27Al, and 29Si. The nuclear-structure
calculations are performed with interactions and valence
spaces that have been tested in these mass regions. Based
on the calculated ground states, we predict the structure
factors for elastic SD WIMP scattering, including chi-
ral 1b and 2b currents with an improved treatment of
the momentum-transfer dependence for higher momen-
tum transfers. We provide theoretical error bands due to
the uncertainties of WIMP currents in nuclei.
The outline of this article is as follows. In Sec. II,
we derive the WIMP currents in nuclei based on chi-
ral EFT. All microscopic inputs needed to compute the
structure factors of SD WIMP-nucleus scattering are dis-
cussed in Sec. III. Combined with detailed Appendixes,
this includes a pedagogical presentation of the formalism
necessary to describe elastic and inelastic WIMP-nucleus
scattering. In Sec. IV, we present large-scale nuclear-
structure calculations that describe the nuclei relevant
for SD WIMP direct detection, and compare our results
to experiment. We then calculate the structure factors
for elastic SD WIMP scattering for all cases using chi-
ral EFT currents. We discuss in detail the role of 2b
currents and their uncertainties; the contributions of dif-
ferent multipole operators to the total response; and the
issue of proton/neutron versus isoscalar/isovector decom-
positions of the structure factors. Finally, we summarize
in Sec. V and give an outlook for future improvements of
the nuclear physics of dark matter detection.
II. WIMP-NUCLEUS INTERACTIONS
A. Chiral EFT and WIMP currents
At the WIMP-quark level, the low-momentum-transfer
Lagrangian density L for SD interactions is taken to be
an axial-vector–axial-vector coupling [5, 37]:
LSDχ =
GF√
2
∫
d3r jµ(r)JAµ (r)
= −GF√
2
∫
d3rχγγ5χ ·
∑
q
Aqψqγγ5ψq , (1)
where GF is the Fermi coupling constant, and J
A
µ (r)
and jµ(r) denote the hadronic current and the leptonic
current of the WIMP, respectively. χ is the neutralino
field, ψq are the fields of q = u, d, s quarks, and Aq
the neutralino-quark coupling constants. The tempo-
ral components can be neglected, because the veloci-
ties of WIMPs are expected to be nonrelativistic with
v/c ∼ 10−3. We also neglect contributions to the La-
grangian density other than axial-vector currents, such as
polar-vector currents, which are suppressed by the mo-
mentum transfer over the nucleon mass p/m [5]. This
approximation will be studied in a future paper.
For the WIMP-nucleus response, the SD WIMP inter-
action couples dominantly to a single nucleon, but also
to pairs of nucleons. At the one-nucleon level, the quark
currents are replaced by their expectation value in the
nucleon, leading to 1b axial-vector currents Ji,1b. In the
nucleus, the currents are summed over all A nucleons:
∑
q
Aqψqγγ5ψq −→
A∑
i=1
Ji,1b =
A∑
i=1
(J0i,1b + J
3
i,1b) , (2)
with the isoscalar J0i,1b and isovector J
3
i,1b parts.
The coupling of the isoscalar part is given by [5]
a0 = (Au + Ad)(∆u +∆d) + 2As∆s , (3)
where ∆u,∆d,∆s are defined as ψqγγ5ψq = ∆qσ/2,
with the nucleon spin σ/2. Therefore, J0i,1b = a0 σ/2,
and a0 receives contributions from the isoscalar combi-
nation of the u and d quarks to the spin of the nucleon,
as well as from the s quark. Analogously, the isovector
coupling can be written as
a1 = (Au −Ad)(∆u −∆d) = (Au −Ad)gA , (4)
where gA is the axial coupling constant. This shows that
the isovector part J3i,1b of the axial-vectorWIMP-nucleon
coupling is identical, up to replacing a1 by gA, to the
axial-vector part of the weak neutral current.
B. Coupling to one nucleon
The weak neutral current was derived within chiral
EFT for calculations of low-energy electroweak reactions.
At lowest orders Q0 and Q2, there are only 1b currents.
For the isovector part of the axial-vector WIMP-nucleon
current, this leads to [15]
J3i,1b =
1
2
a1τ
3
i
(
gA(p
2)
gA
σi − gP (p
2)
2mgA
(p · σi)p
)
, (5)
3where τ3i denotes the isospin, p = pi − p′i the momen-
tum transfer from nucleons to neutralinos, and gA(p
2)
and gP (p
2) the axial and pseudo-scalar couplings. The
momentum transfer dependence of gA(p
2) and gP (p
2) is
due to loop corrections and pion propagators. To order
Q2, one has [38]
gA(p
2)
gA
= 1− 2 p
2
Λ2A
, (6)
gP (p
2) =
2gpipnFpi
m2pi + p
2
− 4 mgA
Λ2A
, (7)
with ΛA = 1040MeV, pion mass mpi = 138.04MeV, pion
decay constant Fpi = 92.4MeV, and gpipn = 13.05. Chiral
1b currents are similar to the currents used in previous
calculations of WIMP scattering off nuclei [5]. The dif-
ferences are that the 1/Λ2A terms were neglected and the
Goldberger-Treiman relation was implicitly used to write
gP (p
2)
2mgA
≈ 1m2pi+p2 . Both present few percent corrections,
but the former increases with momentum transfer.
The axial-vector part of the weak neutral currents is
isovector in the Standard Model, neglecting the strange
quark contribution to a0 in Eq. (3). Therefore, higher-
order Q2 contributions to the isoscalar WIMP-nucleon
current J0i,1b = a0 σ/2 depend on models of currents in
the nucleon. To orderQ2, these lead to 1b currents with a
form-factor mass-scale ∼ ΛA [39] and without pion prop-
agator contributions. Because the isovector 1/Λ2A terms
contribute at the few percent level for the typical momen-
tum transfers in WIMP scattering, we chose to neglect
higher-order isoscalar current contributions, as opposed
to introducing a model dependence at this level.
C. Coupling to two nucleons
At order Q3, 2b currents enter in chiral EFT [40]. We
consider their long-range parts due to pion exchange,
which are predicted in chiral EFT, and for medium-
mass nuclei were found to dominate over the short-range
parts [15]. Because of their pion-exchange nature, the
axial-vector part of the weak neutral 2b current is isovec-
tor, J2b =
∑A
i<j J
3
ij , with
J312 = −
gA
2F 2pi
(τ1 × τ2)3
(
σ2 · k2
m2pi + k
2
2
[(
c4 +
1
4m
)
(σ1 × k2)
+ i
p1 + p
′
1
4m
+
(1 + cˆ6
4m
)
(σ1 × q)
]
− (1↔ 2)
)
− gA
F 2pi
c3
[
τ31
(σ1 · k1)k1
m2pi + k
2
1
+ τ32
(σ2 · k2)k2
m2pi + k
2
2
]
, (8)
where ki = p
′
i−pi and q = −k1−k2. This improves the
treatment of the momentum-transfer dependence com-
pared to our previous work [15], as it does not make
the approximation of low-momentum transfers in the cur-
rents [40]. As a result, two momentum transfers appear,
k1 and k2, and also a new term proportional to 1 + cˆ6,
which vanishes in the limit of zero momentum transfer.
As in Ref. [15], we take into account the normal-
ordered one-body part of chiral 2b currents. This is
obtained by summing the second nucleon j over occu-
pied states in a spin and isospin symmetric reference
state or core, which we take as a Fermi gas: Jeffi,2b =∑
j(1 − Pij)J3ij . The exchange operator Pij includes all
two-body exchange contributions. Normal ordering is ex-
pected to be a very good approximation for medium-mass
and heavy nuclei, because of phase-space restrictions of
normal Fermi systems at low energies [41].
The resulting effective 2b currents Jeffi,2b are derived in
detail in Appendix A. We find that the leading long-range
2b currents lead to three different contributions. First,
there is a renormalization of the axial coupling [15],
J
eff,σ
i,2b (ρ,p,P) =− gAσi
τ3i
2
ρ
2F 2pi
(
1
3
(
−c3 + 1
4m
)[
Iσ1 (ρ, |P− p|) + Iσ1 (ρ, |P+ p|)
]
+
1
3
(
c4 +
1
4m
)[
3Iσ2 (ρ, |P− p|)− Iσ1 (|P− p|) + 3Iσ2 (ρ, |P+ p|)− Iσ1 (|P+ p|)
]
+
(1 + cˆ6
12m
)[
Ic6(ρ, |P− p|)
p · (P− p)
(P− p)2 − Ic6(ρ, |P+ p|)
p · (P+ p)
(P+ p)2
])
, (9)
which depends on the density ρ, the momentum transfer p and the total momentum P = pi + p
′
i (due to the the
exchange terms). Such renormalization was also found considering chiral three-nucleon forces as density-dependent
two-body interactions [42]. Second, there is a contribution to the pseudo-scalar coupling,
J
eff,P
i,2b (ρ,p,P) =− gA
τ3i
2
(p · σi)p ρ
2F 2pi
(
4c3
m2pi + p
2
− 1
3
(
c3 + c4
)IP (ρ, |P− p|) + IP (ρ, |P+ p|)
p2
+
(1 + cˆ6
12m
)[Ic6(ρ, |P− p|)
(P− p)2 +
Ic6(ρ, |P+ p|)
(P+ p)2
])
, (10)
4and third, chiral 2b currents induce pseudo-scalar-type
currents depending on the total momentum,
J
eff,P1
i,2b (ρ,p,P) ∼ gA
τ3i
2
(p · σi)P , (11)
J
eff,P2
i,2b (ρ,p,P) ∼ gA
τ3i
2
(P · σi)p , (12)
J
eff,P3
i,2b (ρ,p,P) ∼ gA
τ3i
2
(P · σi)P , (13)
whose analytical expressions can be found in Ap-
pendix A. The functions Iσ1 (ρ,Q), I
σ
2 (ρ,Q), I
P (ρ,Q),
and Ic6(ρ,Q) are given by integrals due to the summation
over occupied states in the exchange terms. They can be
evaluated analytically, and the explicit expressions are
given in Appendix A.
The contributions from 2b currents in Eqs. (9)–(13) de-
pend on the density of the reference state ρ = 2k3F/(3pi
2)
(kF is the Fermi momentum) and on the low-energy cou-
plings c3, c4, and cˆ6. For the density ρ we take the range
ρ = 0.10 . . .0.12 fm−3, appropriate for the nuclei consid-
ered (see also Ref. [34]). The low-energy couplings c3
and c4 also enter pion-nucleon and nucleon-nucleon in-
teractions and have been determined from data. Here,
we consider the c3, c4 values from the next-to-next-to-
next-to-leading order (N3LO) nucleon-nucleon (NN) po-
tentials of Ref. [43] (EM) and Ref. [44] (EGM), as well
as from the NN partial wave analysis (PWA) [45]. To
be conservative, we also consider the estimated uncer-
tainty in these values expected from higher-order order
contributions, δc3 = −δc4 ≈ 1GeV−1 [24]. The resulting
c3 and c4 values are given in Tables I and II. We take
cˆ6 = 5.83 from Ref. [46].
In Table I, we study the P dependence of the 2b cur-
rent contribution to the axial coupling, which we write as
J
eff,σ
i,2b (ρ, P ) = −gAσi τ
3
i
2
ρ
F 2pi
Jσ(ρ, P ), at p = 0. We com-
pare Jσ(ρ, P ) for the Fermi gas mean value P 2 = 6k2F/5
and P = 0 at a density ρ = 0.10 fm−3 and for the dif-
TABLE I. Comparison of Jσ(ρ, P ), which describes the ax-
ial contribution at p = 0 from the normal-ordered one-
body part of the long-range 2b currents, Jeff,σi,2b (ρ,P ) =
−gAσi
τ3i
2
ρ
F2pi
Jσ(ρ,P ), evaluated at the Fermi gas mean value
P 2 = 6k2F/5 and at P = 0 for a density ρ = 0.10 fm
−3. The
variation is shown for all c3, c4 sets considered, and the rela-
tive variation ∆Jσ/Jσ between the Fermi gas mean value and
P = 0 is given. The ci and J
σ values are in GeV−1.
c3 c4 J
σ(ρ, P ) Jσ(ρ,P = 0) ∆Jσ/Jσ
EM −3.2 5.4 3.20 2.84 0.11
EM+δci −2.2 4.4 2.57 2.26 0.12
EGM −3.4 3.4 2.29 2.10 0.08
EGM+δci −2.4 2.4 1.66 1.53 0.08
PWA −4.78 3.96 2.78 2.59 0.07
PWA+δci −3.78 2.96 2.15 2.01 0.06
TABLE II. Values for all c3, c4 sets considered of the long-
range 2b current contributions δai(p = 0) (axial) and
δaPi (p = mpi) (pseudo-scalar) for the density range ρ =
0.10...0.12 fm−3. The ci values are in GeV
−1.
c3 c4 δa1(p = 0) δa
P
1 (p = mpi)
EM −3.2 5.4 −(0.26...0.32) 0.32...0.38
EM+δci −2.2 4.4 −(0.20...0.25) 0.23...0.27
EGM −3.4 3.4 −(0.19...0.24) 0.33...0.39
EGM+δci −2.4 2.4 −(0.14...0.17) 0.24...0.28
PWA −4.78 3.96 −(0.23...0.29) 0.45...0.54
PWA+δci −3.78 2.96 −(0.18...0.23) 0.36...0.43
ferent c3, c4 sets considered. Table I shows that the P
dependence is very weak: Jσ(ρ, 0) varies by less than
12% over the relevant P range. For other densities in the
range ρ = 0.10...0.12 fm−3 this variation is even smaller.
Because 2b currents are a correction to the leading 1b
currents, we therefore set P = 0 in the axial 2b cur-
rent contribution, Eq. (9). As the contributions from
Eqs. (11)–(13) are expected to be weaker, we therefore
consistently set P = 0, so that only the standard pseudo-
scalar part, Eq. (10), contributes. Finally to connect to
our previous work, for p = P = 0, both Iσ1 and I
σ
2 lead
to [15]
Iσ(ρ, p = P = 0) ≡ Iσ1 (ρ, p = P = 0) = Iσ2 (ρ, p = P = 0)
= 1− 3m
2
pi
k2F
+
3m3pi
k3F
arctan
(
kF
mpi
)
,
(14)
where Iσ(ρ, p = P = 0) = 0.58...0.60 depends only
weakly on the density in the range ρ = 0.10...0.12 fm−3.
For P = 0, the 2b current contribution to the ax-
ial part, Eq. (9), can be written as a momentum- and
density-dependent renormalization δa1(p),
J
eff,σ
i,2b = gAσi
τ3i
2
δa1(p) , (15)
with
δa1(p) =− ρ
F 2pi
[
1
3
(
c4 +
1
4m
)[
3Iσ2 (ρ, p)− Iσ1 (ρ, p)
]
+
1
3
(
−c3 + 1
4m
)
Iσ1 (ρ, p)−
(1 + cˆ6
12m
)
Ic6(ρ, p)
]
.
(16)
Similarly, we write the 2b-current contribution to the
pseudo-scalar coupling, Eq. (10), as a momentum- and
density-dependent renormalization δaP1 (p),
J
eff,P
i,2b = gA
τ3i
2
(p · σi)p δa
P
1 (p)
p2
, (17)
5with
δaP1 (p) =
ρ
F 2pi
[ −2c3p2
m2pi + p
2
+
c3 + c4
3
IP (ρ, p)
− 1 + cˆ6
12m
Ic6(ρ, p)
]
. (18)
The ranges of δa1(p) and δa
P
1 (p) are given in Table II for
the c3, c4 values and the density range considered. We
find that δa1(p) reduces the axial part of the current by
14%...32% at p = 0. The momentum transfer depen-
dence is mild, as the reduction is 16%...36% at p = mpi.
Moreover, δaP1 (p) increases the pseudo-scalar part of the
current by 23%...54% at p = mpi. At lower momentum
transfers this enhancement is weaker, while it is more
significant for higher p. These results are consistent with
studies of Gamow-Teller transitions and double-beta de-
cays [34]. As discussed in Ref. [15], in addition to the
long-range 2b pion-exchange currents, there are short-
range 2b currents for the isoscalar and isovector parts,
which are included as contact terms in chiral EFT. The
isovector short-range 2b parts only lead to small contri-
butions [34]. Therefore, we neglect short-range 2b cur-
rents at this level, which is also consistent with neglect-
ing higher-order (short-range) 1b isoscalar currents, see
Sec. II B.
D. Combined response
Combining the 1b and the long-range 2b currents to
orderQ3 in chiral EFT (replacing gA by a1 for the latter),
the isovector part of the axial-vector WIMP current at
the normal-ordered one-body level is given by [15]
J3i,1b+2b =
1
2
a1τ
3
i
[(
gA(p
2)
gA
+ δa1(p)
)
σi
+
(
−gP (p
2)
2mgA
+
δaP1 (p)
p2
)
(p · σi)p
]
. (19)
III. WIMP-NUCLEUS SCATTERING AND
STRUCTURE FACTORS
A. WIMP-nucleus scattering
The differential cross section for SDWIMP elastic scat-
tering off a nucleus in the initial state |i〉 to the final state
|f〉 can be obtained from the low-momentum-transfer La-
grangian density of Eq. (1). A detailed derivation is per-
formed in Appendix B. The final result is [5]
dσ
dp2
=
2
(2Ji + 1)piv2
∑
sf ,si
∑
Mf ,Mi
∣∣〈f | LSDχ |i〉∣∣2
=
8G2F
(2Ji + 1)v2
SA(p) , (20)
where the sum sf , si = ±1/2 is over neutralino spin pro-
jections, and the sum Mf ,Mi is over the projections of
the total angular momentum of the final and initial states
Jf , Ji, respectively; v is the WIMP velocity, and SA(p)
the axial-vector structure factor. The structure factor
can be decomposed as a sum over multipoles L with re-
duced matrix elements of the longitudinal L5L, transverse
electric T el5L , and transverse magnetic T mag5L projections
of the axial-vector currents:
SA(p) =
∑
L>0
∣∣〈Jf ||L5L||Ji〉∣∣2 +∑
L>1
(∣∣〈Jf ||T el5L ||Ji〉∣∣2
+
∣∣〈Jf ||T mag5L ||Ji〉∣∣2) . (21)
The multipole contributions are obtained from the
WIMP-nucleus currents JA(r). At the effective one-body
level, chiral 1b and 2b currents lead to (see Appendix B
for the definition of the multipole operators and details
of the derivation)
L5L(p) =
i√
2L+ 1
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1 + δa1(p)
− 2gpipnFpip
2
2mgA(p2 +m2pi)
+ δaP1 (p)
)]
×
[√
L+ 1ML,L+1(pri) +
√
LML,L−1(pri)
]
,
(22)
T el5L (p) =
i√
2L+ 1
×
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1− 2 p
2
Λ2A
+ δa1(p)
)]
×
[
−
√
LML,L+1(pri) +
√
L+ 1ML,L−1(pri)
]
,
(23)
T mag5L (p) =
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1− 2 p
2
Λ2A
+ δa1(p)
)]
×ML,L(pri) . (24)
The matrix elements of the operator ML,L′(pri) =
jL′(pri)[YL′(rˆi)σi]
L (with L′ and σ coupled to L) are
given in Appendix C.
B. Parity constraints
The different multipoles in Eqs. (22)–(24) have well-
defined parity Π, which can be deduced from the defi-
nitions given in Appendix B, Eqs. (B6)–(B8), and the
transformations under parity of
Π(∇) = −1 , Π(YLM ) = (−1)L , Π(YMLL1) = (−1)L ,
6and the parity of axial-vector one-body currents Π(JA) =
+1. For elastic scattering, where the initial and final
states of the nucleus are identical (J = Ji = Jf ), only
the multipoles with positive parity (Π = +1) contribute
to the structure factor, so that we have
Π(L5L) = (−1)L+1 ⇒ L odd ,
Π(T el5L ) = (−1)L+1 ⇒ L odd ,
Π(T mag5L ) = (−1)L ⇒ L even .
Hence, for elastic scattering only the odd-L multipoles
of the longitudinal and transverse electric operators and
only the even-L multipoles of the transverse magnetic
operator contribute. This is also the case for inelastic
scattering between initial and final states of the same
parity. For inelastic scattering involving different parity
states, the above constraints get reversed.
C. Time-reversal constraints
For elastic scattering, time-reversal invariance also
constrains the multipoles that contribute to the struc-
ture factor. We can write the reduced matrix elements
of the sum over one-body operators OL(i) as [13]
〈J‖
A∑
i=1
OL(i) ‖J〉 ∼
∑
j,j′
ΨJ(j, j
′)
(
〈j‖OL‖j′〉
+(−1)j−j′〈j′‖OL‖j〉
)
, (25)
where ΨJ(j, j
′) denotes the one-body density matrix, and
the sum is over single-particle total angular momenta
j, j′ (for simplicity, we have suppressed the sums over ra-
dial quantum numbers n, n′ and orbital angular momenta
l, l′). Therefore, the symmetry properties of the matrix
elements under exchange of initial and final states de-
termine the allowed L contributions to elastic scattering.
The relevant operator for SD WIMP-nucleus scattering is
ML,L′, whose matrix elements are given in Appendix C.
They transform as
〈n′l′ 1
2
j′‖ML,L(pri)‖nl1
2
j〉
= (−1)j+j′ 〈nl1
2
j‖ML,L(pri)‖n′l′ 1
2
j′〉 , (26)
〈n′l′ 1
2
j′‖ML,L±1(pri)‖nl1
2
j〉
= (−1)j−j′ 〈nl1
2
j‖ML,L±1(pri)‖n′l′ 1
2
j′〉 . (27)
Therefore, from Eq. (25) it follows that only the multi-
poles with ML,L±1 contribute to elastic scattering. Con-
sidering the different multipoles in Eqs. (22)–(24), we
thus have
〈J‖T mag5L ‖J〉 = 0 , (28)
so that the transverse magnetic multipoles do not con-
tribute to elastic scattering.
D. Structure factor for elastic SD scattering
As a result, the structure factor for elastic SD WIMP
scattering off nuclei is given by [5]
SA(p) =
∑
L odd
(∣∣〈J‖L5L(p)‖J〉∣∣2 + ∣∣〈J‖T el5L (p)‖J〉∣∣2) ,
(29)
and only odd-L longitudinal and electric transverse mul-
tipoles contribute.
IV. RESULTS
A. Spectra
The calculation of the structure factors requires a re-
liable description of the nuclei involved in the scattering
process. We perform state-of-the-art large-scale shell-
model calculations of the nuclear states using the code
ANTOINE [47]. For each nucleus, we solve the many-
body problem in an appropriate valence space, which de-
pends on the nuclear mass region. In all calculations, we
use nuclear interactions that have been previously em-
ployed in nuclear structure and decay studies. To test
the quality of the structure calculations, we first com-
pare the theoretical with the experimental spectra for all
relevant isotopes.
1. 129Xe, 131Xe, 127I
For the heaviest nuclei for SDWIMP scattering, 129Xe,
131Xe and 127I, the valence space for both protons and
neutrons comprises the 0g7/2, 1d5/2, 1d3/2, 2s1/2, and
0h11/2 orbitals on top of a
100Sn core. For 131Xe we per-
form an exact diagonalization in this space. However,
in order to make the calculations feasible for 129Xe, the
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number of particle excitations from the lower-lying 0g7/2,
1d5/2 orbitals into the 1d3/2, 2s1/2, and 0h11/2 orbitals
was limited to three. With these restrictions the matrix
dimension for this space is 3.5 × 108. Similarly, for 127I
the number of excitations into the the 1d3/2, 2s1/2, and
0h11/2 orbitals was limited to four, leading to a matrix
dimension of 4.3 × 108. For this valence space we have
used the so-called GCN5082 interaction [48, 49], which is
based on a G-matrix with empirical adjustments, mainly
in the monopole part, to describe nuclei within this re-
gion. The same interaction and valence space have been
used to study nuclear structure and double-beta decays
in Refs. [48–51].
Figure 1 shows the excitation energies of the lowest-
lying states of 129Xe and 131Xe in comparison with exper-
iment (all energies are measured from the ground state).
These spectra have been previously presented in Ref. [15].
In Fig. 2, we show the spectrum of 127I. For all three
cases, the experimental ground state and the overall or-
dering of the excited states are very well described. This
represents a clear improvement with respect to previ-
ous work [23], and validates the interaction and valence
space used. Note that for 127I the spin and parity as-
signment for some experimental states are not known.
These states are absent in our calculated spectra, which
suggests that they have significant contributions from or-
bitals lying outside the valence space considered in the
present calculations.
2. 73Ge
For 73Ge, the valence space for both protons and neu-
trons comprises the 1p3/2, 0f5/2, 1p1/2, and 0g9/2 or-
bitals on top of a 56Ni core. The calculations are per-
formed in the complete space. We compare results for
two different interactions, the so-called GCN2850 inter-
action [48, 49] (Int. 1 in the following) and the RG inter-
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FIG. 3. (Color online) Comparison of calculated 73Ge spectra,
using Int. 1 and Int. 2 interactions (for details see text), with
experiment.
action [52] (Int. 2). Both are also based on a G-matrix,
with mainly monopole empirical adjustments for this re-
gion. They have been employed in beta and double-beta
decay studies, Refs. [48, 49] for Int. 1 and Refs. [52, 53]
for Int. 2. The former was also used in a smaller valence
space for the description of 73Ge in Ref. [13].
In Fig. 3 we compare the resulting spectra with ex-
periment. We find that the ground state and the overall
ordering of states is much better reproduced by the Int. 2
interaction. In particular, the structure of three of the
lowest-lying states and the gap between them and the
higher-lying states are well described. In contrast, the
Int. 1 interaction predicts a 1/2− ground state, in dis-
agreement with experiment, and the general spacing of
the spectrum is not well described. Consequently, the
Int. 2 interaction will be the preferred one in this work.
Nevertheless, we will also keep the Int. 1 case, in order
to study the sensitivity of the structure factor to the dif-
ferent nuclear interactions. It is important to note that
the first excited state, which is a 5/2+ state, is at too
high excitation energy in both calculations. This sug-
gests that an extended valence space, probably including
the higher-lying 1d5/2 orbital, is needed to account for
this state. This was also observed in Ref. [17]. A reliable
description of the 5/2+ state will be crucial for the study
of inelastic scattering off 73Ge.
3. 19F, 23Na ,27Al, 29Si
The valence space of the four lighter nuclei 19F, 23Na,
27Al, and 29Si is the sd shell, which comprises the 0d5/2,
1s1/2, and 0d3/2 orbitals, with a
16O core. Full calcula-
tions in this valence space are easily performed. In pre-
vious works [13, 17, 18, 20, 21], the USD interaction [54]
was employed. This interaction consists of a best fit to
selected nuclei in this mass region. Here, we use the more
8TABLE III. Calculated spin expectation values for protons 〈Sp〉 and neutrons 〈Sn〉 of
129,131Xe, 127I, 73Ge, 29Si, 27Al, 23Na,
and 19F, compared to the previous calculations of Refs. [13, 17–23].
129Xe 131Xe 127I 73Ge 29Si 27Al 23Na 19F
〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉 〈Sn〉 〈Sp〉
This work 0.329 0.010 −0.272 −0.009 0.031 0.342 0.439 0.031 0.156 0.016 0.038 0.326 0.024 0.224 −0.002 0.478
(Int. 1) 0.450 0.006
[20] (Bonn A) 0.359 0.028 −0.227 −0.009 0.075 0.309 0.020 0.248
[20] (Nijm. II) 0.300 0.013 −0.217 −0.012 0.064 0.354
[18] 0.030 0.343
[17] 0.468 0.011 0.13 −0.002
[19] 0.378 0.030
[23] 0.273 −0.002 −0.125 −7·10−4 0.030 0.418
[22] 0.038 0.330 0.407 0.005 0.020 0.248
[21] 0.133 −0.002 0.020 0.248 −0.009 0.475
[13] 0.248 0.007 −0.199 −0.005 0.066 0.264 0.475 0.008 0.020 0.248 −0.009 0.475
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FIG. 4. (Color online) Comparison of calculated spectra of
19F and 23Na with experiment.
recent USDB interaction [55], which is an improved ver-
sion of USD. The difference between the two interactions
is small, see Sec. IVB. In Figs. 4 and 5 the positive-parity
excited states of all four nuclei are shown compared to ex-
periment (in the sd shell only positive-parity states can
be obtained). The agreement with experiment is very
good in all cases, both for the ordering and the quanti-
tative reproduction of the excitation energies.
B. Spin expectation values
In the limit of low momentum transfer, p = 0, the
structure factor for elastic SD WIMP scattering is given
by the proton and neutron spins Sp =
∑Z
i=1 σi/2 and
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Sn =
∑N
i=1 σi/2 in the nucleus [5]:
SA(0) =
1
4pi
∣∣(a0 + a′1)〈J‖Sp‖J〉+ (a0 − a′1)〈J‖Sn‖J〉∣∣2
(30)
=
(2J + 1)(J + 1)
4piJ
∣∣(a0 + a′1)〈Sp〉+ (a0 − a′1)〈Sn〉∣∣2 ,
(31)
where a′1 = a1(1+δa1(0)) includes the effects from chiral
2b currents. The spin expectation values are defined as
〈Sn,p〉 = 〈JM = J |S3n,p|JM = J〉.
We list our calculated spin expectation values 〈Sn,p〉
in Table III in comparison to previous calculations. As
expected for odd-mass nuclei with even number of pro-
tons (129,131Xe, 73Ge, and 29Si) |〈Sn〉| ≫ |〈Sp〉|, while for
odd-mass nuclei with an even number of neutrons (19F,
23Na ,27Al, and 127I) |〈Sn〉| ≪ |〈Sp〉|. As a result, the
WIMP coupling to the even species will be suppressed.
9Moreover, the sensitivity to the precise value of the even
species spin is very weak when chiral 2b currents are in-
cluded. This is shown in Sec. IVC. Chiral 2b currents
lead to an interaction of neutrons and protons that over-
whelms the direct WIMP coupling to the suppressed spin
expectation value, so that the structure factors are al-
most entirely determined by the dominant 〈Sn/p〉 (for
odd neutron/proton isotopes).
The spin expectation values of the lighter nuclei, 19F,
23Na, 27Al, and 29Si in Table III are very close to those of
Refs. [13, 17, 18, 20, 21] due to the similarity of the USD
and USDB interactions. This indicates that the struc-
ture for these nuclei is under good control. For 73Ge we
find a weak sensitivity of the dominant 〈Sn〉 value com-
paring the preferred Int. 2 interaction (“This work”) to
the Int. 1 interaction. This range is smaller than the one
in previous calculations of Refs. [13, 17, 19, 22], suggest-
ing that the latter may have an even larger variation in
the spectra due to truncations or deficiencies in the inter-
actions used. Also for the heavier nuclei, 129,131Xe, and
127I, we have performed calculations in the largest spaces
to date and with tested interactions. For 129,131Xe, the
comparison to previous results is discussed in detail in
Ref. [15]. For the dominant 〈Sn〉 values for 129,131Xe,
and the dominant 〈Sp〉 value for 127I, the difference to
previous calculations of Refs. [13, 20, 22, 23] is about
25% (and 55% for 131Xe). We attribute these differences
to the sizable truncations of the valence spaces in those
calculations and because the interactions used have not
been as well tested.
C. Structure factors
1. Isoscalar/isovector versus proton/neutron
The structure factor SA(p) can be decomposed in
terms of its isoscalar and isovector parts Sij(p), charac-
terized by the isoscalar and isovector couplings a0 and a1:
SA(p) = a
2
0 S00(p) + a0a1S01(p) + a
2
1 S11(p) . (32)
However, it is common in the literature to use the struc-
ture factors Sp(p) and Sn(p), which are referred to as
“proton-only” and “neutron-only”, respectively. They
are defined by the couplings a0 = a1 = 1 (“proton-only”)
and a0 = −a1 = 1 (“neutron-only”) and are thus related
to the isoscalar and isovector structure factors by
Sp(p) = S00(p) + S01(p) + S11(p) , (33)
Sn(p) = S00(p)− S01(p) + S11(p) . (34)
The origin of the “proton/neutron-only” structure fac-
tors can be understood from Eq. (31). When 2b cur-
rents are neglected, at p = 0 the “proton/neutron-only”
structure factors are determined entirely by the pro-
ton/neutron spin expectation values. Moreover, when
the higher-order isovector parts in 1b currents are ne-
glected, this separation also holds for p > 0. Because
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FIG. 6. (Color online) Structure factors Sp(u) (solid lines)
and Sn(u) (dashed) for
129Xe (top panel) and 131Xe (bottom
panel) as a function of u = p2b2/2. The harmonic-oscillator
lengths are b = 2.2853 fm and b = 2.2905 fm for 129Xe and
131Xe, respectively. Results are shown at the 1b current level,
and also including 2b currents. The estimated theoretical un-
certainty is given by the red (Sp(u)) and blue (Sn(u)) bands.
for odd-mass nuclei there is a clear hierarchy of the
spin expectation values (with either |〈Sn〉| ≫ |〈Sp〉| or
|〈Sp〉| ≫ |〈Sn〉|), the proton/neutron decomposition is
useful to capture the dominant parts of SA(p). For this
reason, and because it is common experimentally, we will
also largely consider the proton/neutron decomposition
here. This is merely a convenient choice of a0, a1 cou-
plings, but the notation “proton/neutron-only” is mis-
leading, because it does not imply that the coupling is
to protons/neutrons only. Strong interactions between
nucleons in 2b currents, as well as the isovector nature
of pseudo-scalar and other Q2 1b currents, mean that
WIMPs effectively couple to protons and neutrons in nu-
clei. In fact, with 2b currents, both Sp(p) and Sn(p) are
determined by the spin distribution of the odd species.
In the following, we present structure factors as a
function of u = p2b2/2 with harmonic-oscillator length
b = (~/mω)1/2 and ~ω = (45A−1/3 − 25A−2/3)MeV.
When 2b currents are included, we provide theoretical
error bands due to the uncertainties in WIMP currents
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FIG. 7. (Color online) Decomposition of the isovector struc-
ture factor S11(u) for
131Xe. At the 1b current level, the
full result (solid, black lines) and the contributions from
transverse electric (dashed, blue) and from longitudinal (dot-
dashed, green) multipoles are shown. The top panel gives
also the full 1b plus 2b current result (red band), while the
middle/bottom panels show the 1b plus 2b results when only
transverse/longitudinal multipoles are included (blue/green
band). The bands give the estimated 2b-current uncertainty.
in nuclei, see Table II. This takes into account the un-
certainties in the low-energy couplings c3, c4 and in the
density range ρ = 0.10...0.12 fm−3.
For 129Xe and 131Xe the predicted isoscalar/isovector
structure factors S00(u), S01(u), and S11(u) were dis-
cussed in detail in Ref. [15], and they were compared
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FIG. 8. (Color online) Structure factors Sn(u) (top panel)
and Sp(u) (bottom panel) for
131Xe. At the 1b current level,
the full results (solid, black lines) are compared with the con-
tributions from transverse electric (dashed, blue) and from
longitudinal (dot-dashed, green) multipoles.
to the previous calculations of Refs. [20, 23] (see also
Sec. IVB). Here, we present in Fig. 6 the proton/neutron
structure factors Sp(u). At the 1b current level, the re-
sults at p = 0 are determined by the spin expectation
values. Chiral 2b currents provide important contribu-
tions to the structure factors, especially for p . 100MeV,
where we find in Fig. 6 a significant increase of Sp(u).
This is because with 2b currents, neutrons can contribute
to the “proton-only” (a0 = a1 = 1) coupling due to the
axial δa1(p) contribution in Eq. (31). For Sn(u), 2b cur-
rents lead to a small reduction in the structure factor,
depending on the momentum transfer. This is caused by
the combined effect of the axial δa1(p) and the pseudo-
scalar δaP1 (p) contributions. To better understand how
these different contributions enter, we study a multipole
decomposition of the structure factors.
2. Multipole decomposition
In Fig. 7 we show the transverse/longitudinal decom-
position of the results with 1b as well as 1b plus 2b cur-
rents for the isovector structure factor S11(u) of
131Xe
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FIG. 9. (Color online) Decomposition at the 1b current level
of the 131Xe structure factor Sn(u) (solid, black line) in L = 1
(dashed, violet) and L = 3 (dot-dashed, orange) multipoles.
(the long-range 2b currents are isovector). The different
2b current contributions can be clearly seen in Fig. 7. In
the middle panel, where only the transverse electric mul-
tipoles are taken into account, 2b currents reduce the
1b result due to the negative axial δa1(p) values in Ta-
ble II. We observe that the relative reduction depends
on u and becomes more important at higher momentum
transfer. The bottom panel shows the longitudinal multi-
poles, where both axial δa1(p) and pseudo-scalar δa
P
1 (p)
2b current contributions enter. At zero momentum trans-
fer we find a reduction of the structure factor, driven by
δa1(p), but at u ∼ 0.7, p ∼ 100MeV, this turns into
an enhancement due to δaP1 (p). In the upper panel, the
full 1b plus 2b band is given, where the final reduction
or enhancement over the 1b result, for a given u value,
depends on the relative impact of the transverse electric
and longitudinal multipoles.
It is interesting to study the transverse/longitudinal
decomposition at the 1b level, as shown in Fig. 8 for
Sn(u) and Sp(u) of
131Xe. While both multipoles con-
tribute to Sn(u) (their relative importance depends on u),
Sp(u) is completely dominated by the longitudinal mul-
tipoles except at p = 0. In 131Xe almost all of the spin
is carried by neutrons, so Sp(0) is very small at the 1b
level. However, for p > 0 the (isovector) pseudo-scalar
currents allow neutrons to contribute to Sp(u), leading
to a steep increase in the longitudinal contribution to
Sp(u). Because pseudo-scalar currents only contribute
to the longitudinal multipoles, the transverse part from
the protons also remains very small for p > 0.
Another way to decompose the structure factors is in
terms of the different L values of the multipoles. Because
the ground state of 129Xe is 1/2+, only L = 1 contributes.
For 131Xe, with a 3/2+ ground state, L = 1 and L = 3
multipoles enter (even-L multipoles are forbidden due to
parity, see Sec. III B). The L decomposition of the 131Xe
structure factor Sn(u) is shown in Fig. 9, for simplicity
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FIG. 10. (Color online) Structure factors Sp(u) (solid lines)
and Sn(u) (dashed) for
73Ge calculated using the Int. 1
(GCN5028, top panel) and the Int. 2 interaction (RG, bot-
tom panel) as a function of u = p2b2/2 with b = 2.1058 fm.
Results are shown at the 1b current level, and also including
2b currents. The estimated theoretical uncertainty is given
by the red (Sp(u)) and blue (Sn(u)) bands.
at the 1b current level. We observe that the L = 3 multi-
poles dominate for 1.5 . u . 5. As a result, the structure
factors fall off considerably more slowly for 131Xe com-
pared to 129Xe, where only L = 1 contributes.
3. 73Ge
Figure 10 shows the structure factors for 73Ge for the
different Int. 1 and Int. 2 interactions (the latter is pre-
ferred based on the spectra, see Fig. 3). The structure
factor Sn(u) differs by less than 10% between the two
interactions. At the 1b current level, Sp(u) for low mo-
mentum transfers is substantially smaller for Int. 1, due
to the very small 〈Sp〉 value. However, when 2b cur-
rents are included, also for Sp(u) the contributions from
neutrons are dominant, which translates to similar struc-
ture factors for the two interactions. This is because of
the similar 〈Sn〉 values (see Table III) combined with the
neutron-proton coupling through 2b currents.
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FIG. 11. (Color online) Structure factors Sp(u) (solid lines)
and Sn(u) (dashed) for
127I as a function of u = p2b2/2 with
b = 2.2801 fm. Results are shown at the 1b current level, and
also including 2b currents. The estimated theoretical uncer-
tainty is given by the red (Sp(u)) and blue (Sn(u)) bands.
4. 127I, 19F, 23Na, 27Al, 29Si
In Figs. 11, 12, and 13, we show the structure fac-
tors Sn(u) and Sp(u) for
127I, 19F, 23Na, 27Al, and 29Si
at the 1b current level and including 2b currents. The
dominant structure factor is the one for the odd species.
Therefore, for 29Si Sn(u) dominates, while for the other
isotopes Sp(u) is the main component. All the features
discussed for 131Xe in Sec. IVC2 translate to these iso-
topes as well: The structure factors for the nondominant
“proton/neutron-only” couplings are strongly increased
when 2b currents are included. For the dominant struc-
ture factor, 2b currents produce a reduction, by about
10%− 30% at low momentum transfers, which at large u
can turn into a weak enhancement due to the 2b current
contribution to the pseudo-scalar currents. This is most
clearly seen for 19F in the top panel of Fig. 12, where we
also show the isoscalar/isovector structure factors S00(u),
S01(u), and S11(u). Note that the structure factor S01(u)
vanishes at the point where Sp(u) and Sn(u) cross.
V. CONCLUSIONS AND OUTLOOK
This work presents a comprehensive derivation of SD
WIMP scattering off nuclei based on chiral EFT, includ-
ing one-body currents to order Q2 and the long-range
Q3 two-body currents due to pion exchange, which are
predicted in chiral EFT. Two-body currents are the lead-
ing corrections to the couplings of WIMPs to single nu-
cleons, assumed in all previous studies. Combined with
detailed Appendixes, we have presented the general for-
malism necessary to describe both elastic and inelastic
WIMP-nucleus scattering.
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FIG. 12. (Color online) Structure factors for 19F as a
function of u = p2b2/2 with b = 1.7608 fm. Top panel:
Isoscalar/isovector S00(u) (solid line), S01(u) (dashed), and
S11(u) (dot-dashed) decomposition. Bottom panel: Pro-
ton/neutron Sp(u) (solid line) and Sn(u) (dashed) decom-
position. In both panels results are shown at the 1b current
level, and also including 2b currents. The estimated theoret-
ical uncertainty is given by the red (S11(u), Sp(u)) and blue
(S01(u), Sn(u)) bands.
We have performed state-of-the-art large-scale shell-
model calculations for all nonzero-spin nuclei relevant to
direct dark matter detection, using the largest valence
spaces accessible with nuclear interactions that have been
tested in nuclear structure and decay studies. The com-
parison of theoretical and experimental spectra demon-
strate a good description of these isotopes. We have cal-
culated the structure factors for elastic SD WIMP scat-
tering for all cases using chiral EFT currents, including
theoretical error bands due to the nuclear uncertainties
of WIMP currents in nuclei. Fits for the structure factors
are given in Appendix D.
We have studied in detail the role of two-body currents,
the contributions of different multipole operators, and
the issue of proton/neutron versus isoscalar/isovector de-
compositions of the structure factors. The long-range
two-body currents reduce the isovector parts of the struc-
ture factor at low momentum transfer, while they can
lead to a weak enhancement at higher momentum trans-
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FIG. 13. (Color online) Structure factors Sp(u) (solid lines)
and Sn(u) (dashed) for
23Na (top panel), 27Al (middle panel),
and 29Si (bottom panel) as a function of u = p2b2/2,
with harmonic-oscillator lengths b = 1.8032 fm (23Na), b =
1.8405 fm (27Al), and b = 1.8575 fm (29Si). Results are shown
at the 1b current level, and also including 2b currents. The
estimated theoretical uncertainty is given by the red (Sp(u))
and blue (Sn(u)) bands.
fers. Moreover, we have shown that for odd-neutron
(odd-proton) nuclei, two-body currents lead to a sig-
nificant increase of the “proton-only” (“neutron-only”)
structure factors, because of strong interactions between
nucleons through two-body currents that allow the odd
species carrying most of the spin to contribute. This im-
plies that WIMPs effectively couple to protons and neu-
trons in nuclei, so that the notation “proton/neutron-
only” is misleading. In fact, with 2b currents, both
“proton/neutron-only” structure factors are determined
by the spin distribution of the odd species.
Future improvements of the nuclear physics of dark
matter detection includes developing shell-model inter-
actions based on chiral EFT, where the present frontier
are semi-magic nuclei up to the calcium region [56–61],
ab-initio benchmarks for the lightest isotope 19F, and ex-
panding the valences spaces (especially for germanium).
In addition, a full treatment of the one- and two-body
currents would require to renormalize them to the va-
lence space of the many-body calculation, which can lead
to additional contributions to the currents. This and go-
ing beyond the normal-ordering approximation will be
pursued in future work. Moreover, we plan to investi-
gate other responses [13] based on the same large-scale
nuclear-structure calculations presented here.
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Appendix A: Calculation of the
effective one-body current Jeffi,2b
We calculate the normal-ordered 1b part of 2b currents
by summing the second nucleon over occupied states of a
spin and isospin symmetric reference state or core, which
we take as a Fermi gas:
Jeffi,2b =
∑
j
(1 − Pij)J3ij , (A1)
where the sum is over occupied states, J3ij is the 2b cur-
rent defined in Eq. (8), and Pij is the exchange operator.
In this approximation, the momenta k1 and k2 in the
direct (d) and exchange (ex) contributions are given by
kdi = p
′
i − pi = −p , (A2)
kexi = P
k
ij k
d
i = pj −
P+ p
2
, (A3)
kdj = p
′
j − pj = 0 , (A4)
kexj = P
k
ij k
d
j = −pj +
P− p
2
, (A5)
where we have used that the initial and final momenta of
the nucleon in the occupied state are identical, pj = p
′
j .
The nonvanishing contributions to Jeffi,2b can be
grouped into five terms, arising from Eq. (8): the di-
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rect (d) and exchange (ex) terms of the c3 term, as well as from the exchange c4, p1, and cˆ6 terms. They read
J
eff,d
i,2b (c3 term) = −
gA
F 2pi
τ3i
2
8
(2pi)3
∫ kF
0
c3
m2pi + p
2
(p · σi)p d3pj = −gAρ
F 2pi
τ3i
2
2c3
(p · σi)p
m2pi + p
2
, (A6)
J
eff,ex
i,2b (c3 term) = −
gA
F 2pi
τ3i
2
4
(2pi)3
1
2
[∫ kF
0
c3
m2pi + (k
ex
i )
2
(kexi · σi)kexi d3pj +
∫ kF
0
c3
m2pi + (k
ex
j )
2
(kexj · σi)kexj d3pj
]
= −gAρ
F 2pi
τ3i
2
1
6
c3
[
Iσ1 (ρ, |P− p|)σi + IP (ρ, |P− p|)
(
(P̂− p) · σi
)
(P̂− p) + Iσ1 (ρ, |P+ p|)σi
+ IP (ρ, |P+ p|)((P̂+ p) · σi)(P̂+ p)] , (A7)
J
eff,ex
i,2b (c4 term) =
gA
F 2pi
τ3i
2
(
c4 +
1
4m
) 4
(2pi)3
1
2
[∫ kF
0
1
m2pi + (k
ex
i )
2
kexi × (σi × kexi ) d3pj
+
∫ kF
0
1
m2pi + (k
ex
j )
2
kexj × (σi × kexj ) d3pj
]
=
gAρ
F 2pi
τ3i
2
1
6
(
c4 +
1
4m
)[(
3Iσ2 (ρ, |P− p|)− Iσ1 (ρ, |P− p|) + 3Iσ2 (ρ, |P+ p|)− Iσ1 (ρ, |P+ p|)
)
σi
− IP (ρ, |P− p|)((P̂− p) · σi)(P̂− p)− IP (ρ, |P+ p|)((P̂+ p) · σi)(P̂+ p)] , (A8)
J
eff,ex
i,2b (p1 term) =
gA
mF 2pi
τ3i
2
4
(2pi)3
1
8
[∫ kF
0
(
pj +
(P−p)
2
)
(σi · kexi )
m2pi + (k
ex
i )
2
d3pj −
∫ kF
0
(
pj +
(P+p)
2
) (
σi · kexj
)
m2pi + (k
ex
j )
2
d3pj
]
=
gAρ
mF 2pi
τi
2
1
24
[
Iσ1 (ρ, |P− p|)σi + IP1 (ρ, |P− p|)
(
(P̂− p) · σi
)
(P̂− p)
+
|p|
|P− p|I
P
2 (ρ, |P− p|)
(
(P̂− p) · σi
)
(p̂)− 1
4
|P+ p|
|P− p|I
P
4 (ρ, |P− p|)
(
(P̂− p) · σi
)
(P̂+ p)
+ Iσ1 (ρ, |P+ p|)σi + IP1 (ρ, |P+ p|)
(
(P̂+ p) · σi
)
(P̂+ p)
− |p||P+ p|I
P
2 (ρ, |P+ p|)
(
(P̂+ p) · σi
)
(p̂)− 1
4
|P− p|
|P+ p|I
P
4 (ρ, |P+ p|)
(
(P̂+ p) · σi
)
(P̂− p)
]
, (A9)
J
eff,ex
i,2b (cˆ6 term) = −
gA
F 2pi
τ3i
2
(1 + cˆ6
4m
) 4
(2pi)3
1
2
[∫ kF
0
p× (σi × kexi + ikexi )
m2pi + (k
ex
i )
2
d3pj +
∫ kF
0
p× (σi × kexj − ikexj )
m2pi + (k
ex
j )
2
d3pj
]
=
gAρ
mF 2pi
τ2
2
1 + cˆ6
4
1
6
[
Ic6(ρ, |P− p|)p× (σi × (P− p))
(P− p)2 −
iIc6(ρ, |P− p|)p×P
(P− p)2
− Ic6(ρ, |P+ p|)p× (σi × (P+ p))
(P+ p)2
− iIc6(ρ, |P+ p|)p×P
(P+ p)2
]
, (A10)
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where the integrals Iσ1 (ρ,Q), I
σ
2 (ρ,Q), I
P (ρ,Q), IP1,2,4(ρ,Q), and Ic6(ρ,Q) are given by the following expressions
Iσ1 (ρ,Q) =
1
k3F
9
4
∫ kF
0
∫ 1
−1
p4(1− cos2 θ)
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ
=
1
512k3FQ
3
(
8kFQ
[
48(k2F +m
2
pi)
2 + 32(k2F − 3m2pi)Q2 − 3Q4
]
+ 768m3piQ
3arccot
[
m2pi +
Q2
4 − k2F
2mpikF
]
+ 3
[
16(k2F +m
2
pi)
2 − 8(k2F − 5m2pi)Q2 +Q4
][
4(k2F +m
2
pi)−Q2
]
log
[
m2pi +
(
kF − Q2
)2
m2pi +
(
kF +
Q
2
)2 ]
)
, (A11)
Iσ2 (ρ,Q) =
1
k3F
3
2
∫ kF
0
∫ 1
−1
p4 + p
2Q2
4 − p3Q cos θ
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ
=
1
16k3FQ
(
8kF(2k
2
F − 3m2pi)Q + 24m3piQ arccot
[
m2pi +
Q2
4 − k2F
2mpikF
]
+ 3m2pi
[
4k2F −Q2 + 4m2pi
]
log
[
m2pi +
(
kF − Q2
)2
m2pi +
(
kF +
Q
2
)2 ]
)
,
(A12)
IP (ρ,Q) =
1
k3F
9
8
∫ kF
0
∫ 1
−1
p4(6 cos2 θ − 2)− 4p3Q cos θ + p2Q2
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ
= − 3
512k3FQ
3
(
8kFQ
[
48(k2F +m
2
pi)
2 − 32k2FQ2 − 3Q4
]
+ 3
[
4(k2F +m
2
pi)−Q2
][
4m2pi + (2kF −Q)2
]
×
[
4m2pi + (2kF +Q)
2
]
log
[
m2pi +
(
kF − Q2
)2
m2pi +
(
kF +
Q
2
)2 ]
)
, (A13)
IP1 (ρ,Q) =
9
4k3F
∫ kF
0
∫ 1
−1
p4(3 cos2 θ − 1)
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ ,
IP2 (ρ,Q) =
9
2k3F
∫ kF
0
∫ 1
−1
p3Q cos θ
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ ,
IP4 (ρ,Q) =
9
2k3F
∫ kF
0
∫ 1
−1
p2Q2
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ ,
IP1 (ρ,Q)− IP2 (ρ,Q) +
1
4
IP4 (ρ,Q) = I
P (ρ,Q) , (A14)
Ic6(ρ,Q) =
9
2k3F
∫ kF
0
∫ 1
−1
(
p3Q cos θ − p2Q22
)
m2pi + p
2 + Q
2
4 − pQ cos θ
dp d cos θ
= − 9
128k3FQ
([
32k3FQ+ 32kFm
2
piQ+ 8kFQ
3
]
+
[
16(k2F +m
2
pi)
2 + 8(m2pi − k2F)Q2 +Q4
]
log
[
4m2pi + (2kF −Q)2
4m2pi + (2kF +Q)
2
])
.
(A15)
Appendix B: Derivation of the structure factor SA(p)
We start from the Lagrangian density for spin-dependent WIMP-nucleus scattering Eq. (1). WIMPs are expected
to be nonrelativistic with velocities of the order v/c ∼ 10−3, so the time components of the currents can be neglected.
Evaluating the Lagrangian density between initial and final states leads to
〈f | LSDχ |i〉 = −
GF√
2
∫
d3r e−ip·r χfγγ5χi J
A
fi(r) , (B1)
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where e−ip·r χfγγ
5χi = 〈χf | j(r) |χi〉 represents the matrix element of the leptonic current of the WIMP and JAfi(r)
that of the hadronic current.
We can expand the leptonic current in terms of spherical unit vectors [62]:
χfγγ
5χi e
−ip·r = l e−ip·r =
∑
λ=0,±1
lλ e
†
λ e
−ip·r , (B2)
with spherical unit vectors with a z-axis in the direction of p
e±1 ≡ ∓ 1√
2
(ep1 ± iep2) e0 ≡ p|p| , (B3)
l±1 = ∓ 1√
2
(l1 ± il2) lλ=0 ≡ l3 . (B4)
We can also expand the product e†λ e
−ip·r in Eq. (B2) in a multipole expansion [62]. This leads to
〈f |LSDχ |i〉=−
GF√
2
〈JfMf |
(∑
L>0
√
4pi(2L+ 1)(−i)Ll3L5L0(p)−
∑
L>1
√
2pi(2L+ 1)(−i)L
∑
λ=±1
lλ
[
T el5L−λ(p)+λT mag5L−λ (p)
])
|JiMi〉,
(B5)
where |JiMi〉, |JfMf〉 denote the initial and final states of the nucleus, p = |p|. The electric longitudinal, electric
transverse, and magnetic transverse multipole operators are defined by [62]
L5LM (p) =
i
p
∫
d3r
[
∇
[
jL(pr)YLM (Ωr)
]] · JA(r) , (B6)
T el5LM (p) =
1
p
∫
d3r
[
∇× jL(pr)YMLL1(Ωr)
] · JA(r) , (B7)
T mag5LM (p) =
∫
d3r
[
jL(pr)Y
M
LL1(Ωr)
] · JA(r) , (B8)
with spherical Bessel function jL(pr). The vector spherical harmonics are given by
YMLL′1(Ωr) =
∑
mλ
〈L′m1λ|L′1LM〉YL′m(Ωr) eλ . (B9)
Since JA(r) =
∑A
i=1 J
A
i (r)δ(r − ri), the multipole operators can be written as a sum of one-body operators:
L5LM (p) =
i
p
A∑
i=1
[
∇
[
jL(pri)YLM (ri)
]] · JAi (ri)
=
i√
2L+ 1
A∑
i=1
[√
L+ 1jL+1(pri)Y
M
L(L+1)1(ri) +
√
LjL−1(pri)Y
M
L(L−1)1(ri)
]
· JAi (ri) , (B10)
T el5LM (p) =
1
p
A∑
i=1
[
∇× jL(pri)YMLL1(ri)
] · JAi (ri)
=
i√
2L+ 1
A∑
i=1
[√
L+ 1 jL−1(pri)Y
M
L(L−1)1(ri)−
√
L jL+1(pri)Y
M
L(L+1)1(ri)
]
· JAi (ri) , (B11)
T mag5LM (p) =
A∑
i=1
jL(pri)Y
M
LL1(ri) · JAi (ri) . (B12)
The structure factor SA(p) is obtained from
∣∣〈f | LSDχ |i〉∣∣2 by summing over the final neutralino spin and over the
nucleus final-state angular momentum projections, and by averaging over the initial configurations. It is thus useful
to work with reduced matrix elements that do not depend on projection numbers:
〈JfMf |OLM |JiMi〉 = (−1)Jf−Mf
(
Jf L Ji
−Mf M Mi
)
〈Jf ||OL||Ji〉 , (B13)
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with 3j coefficients and where O is a tensor operator of rank L. This gives for the sum and average [62]
1
2(2Ji + 1)
∑
sf ,si
∑
Mf ,Mi
∣∣〈f |LSDχ |i〉∣∣2=G2F4 1(2Ji + 1)∑sf ,si
(∑
L>0
4pil3l
∗
3
∣∣〈Jf ||L5L||Ji〉∣∣2+ ∑
λ=±1
lλl
∗
λ
∑
L>1
2pi
∣∣〈Jf ||T el5L +λT mag5L ||Ji〉∣∣2)
=
G2F
4
4pi
(2Ji + 1)
∑
sf ,si
(∑
L>0
l3l
∗
3
∣∣〈Jf ||L5L||Ji〉∣∣2+∑
L>1
[
1
2
(l · l∗ − l3l∗3)
(∣∣〈Jf ||T el5L ||Ji〉∣∣2
+
∣∣〈Jf ||T mag5L ||Ji〉∣∣2)− i2(l× l∗)3(2Re 〈Jf ||T el5L ||Ji〉 〈Jf ||T mag5L ||Ji〉∗)
])
, (B14)
where we have assumed that the neutralino spin is 1/2, and the cross terms vanish due to the orthogonalization
properties of the 3j coefficients. For the sum over neutralino spin projections one has for µ, ν = 1, 2, 3
−
∑
si,sf
lµl
∗
ν =
∑
si,sf
χsf (pf )γ
µγ5χsi(pi)χ
si(pi)γ
5γνχsf (pf ) ,
=
∑
si,sf
(
χ
sf
δ (pf )χ
sf
α (pf )(γ
µγ5)αβχ
si
β (pi)χ
si
γ (pi)(γ
5γν)γδ
)
,
=
1
4
[
2Tr(γ0γµγ5γ5γν) + 2Tr(γµγ5γ5γν)
]
=
1
2
Tr(γµγ5γ5γν) = −2δµν , (B15)
which follows from the completeness relation∑
s
χsα(p)χ
s
β(p) =
(pµγµ +m
2Ep
)
αβ
≈ 1
2
(
γ0 + 1
)
αβ
, (B16)
valid for nonrelativistic WIMPs. Combined, this gives the final result:
1
2(2Ji + 1)
∑
sf ,si
∑
Mf ,Mi
∣∣〈f | LSDχ |i〉∣∣2 = G2F2 4pi(2Ji + 1)
[∑
L>0
∣∣〈Jf ||L5L||Ji〉∣∣2 +∑
L>1
(∣∣〈Jf ||T el5L ||Ji〉∣∣2 + ∣∣〈Jf ||T mag5L ||Ji〉∣∣2)].
(B17)
The specific form of the multipoles depends on the form of the WIMP currents JAi (r). They contain either axial-
vector terms [σi] or pseudo-scalar ones [(p · σi)p]. For axial-vector currents, the response will be proportional to the
following operator
MML,L′(pri) = jL′(pri)Y
M
LL1(ri) · σi ,
= jL′(pri)
∑
mλ
〈L′m1λ|L′1LM〉YL′m(ri)σ1λi = jL′(pri)
[
YL′(ri)σi
]L
. (B18)
Pseudo-Scalar currents, which are proportional to the momentum transfer p, only contribute to the longitudinal
multipoles (see Eq. (B5)). Moreover, in these we can replace (p · σi)p by p2σi, because of
(p · σi)p = p2σi + p× (p× σi) , (B19)
and the second term is perpendicular to p, so it vanishes for the longitudinal multipoles. As a result, pseudo-scalar
currents can also be expressed in terms of MML,L′(pri).
In summary, including chiral 2b currents at the normal-ordered one-body level in Eq. (19), we have for the multipoles
L5L(p) =
i√
2L+ 1
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1 + δa1(p)− 2gpipnFpip
2
2mgA(p2 +m2pi)
+ δaP1 (p)
)]
×
[√
L+ 1ML,L+1(pri) +
√
LML,L−1(pri)
]
, (B20)
T el5L (p) =
i√
2L+ 1
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1− 2 p
2
Λ2A
+ δa1(p)
)][
−
√
LML,L+1(pri) +
√
L+ 1ML,L−1(pri)
]
, (B21)
T mag5L (p) =
A∑
i=1
1
2
[
a0 + a1τ
3
i
(
1− 2 p
2
Λ2A
+ δa1(p)
)]
ML,L(pri) . (B22)
Note that the p2/Λ2A terms cancel in the longitudinal response and only contribute to the transverse multipoles.
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Appendix C: Reduced matrix elements of ML,L′(pri)
To calculate the structure factor, we need the matrix elements of the one-body operator ML,L′(pri) = jL′(pri)×
[YL′(rˆi)σi]
L between the single-particle states of the many-body basis used for the description of the nuclear states.
The reduced matrix elements can be obtained as a function of 3j and 9j symbols and matrix elements of the spherical
Bessel functions jL′ ,
〈n′l′ 1
2
j′||ML,L′(pri)||nl1
2
j〉
=
∑
n′′l′′
〈n′l′||jL′YL′ ||n′′l′′〉 〈n′′l′′ 1
2
||σi||nl1
2
〉 [(2j + 1)(2j′ + 1)(2L+ 1)] 12

l′ l L′
1
2
1
2 1
j′ j L

= 〈n′l′| jL′ |nl〉 〈n′l′||YL′ ||nl〉 〈1
2
||σi||1
2
〉 [(2j + 1)(2j′ + 1)(2L+ 1)] 12

l′ l L′
1
2
1
2 1
j′ j L

= 〈n′l′| jL′(pri) |nl〉 (−1)l
′
√
6
4pi
[
(2l′ + 1)(2l+ 1)(2j′ + 1)(2j + 1)
] 1
2
[
(2L′ + 1)(2L+ 1)
] 1
2
×
(
l′ L′ l
0 0 0
)
l′ l L′
1
2
1
2 1
j′ j L
 . (C1)
Appendix D: Fits of the structure factors
In Tables IV-VIII we give fits for the isoscalar/isovector and “neutron-only”/“proton-only” decompositions of the
structure factors of all isotopes studied in this work. Results are given including 1b+2b currents.
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TABLE IV. Fits to the isoscalar/isovector structure factors S00, S11 and S01 as well as “proton-only” and “neutron-only”
structure factors Sp and Sn for spin-dependent WIMP elastic scattering off
129Xe and 131Xe nuclei, including 1b and 2b
currents as in Fig. 6. The upper and lower limits from the theoretical error band were used for the fit. The fitting function of
the dimensionless variable u = p2b2/2 is Sij(u) = e
−u
∑
9
n=0 cij,nu
n. The rows give the coefficients cij,n of the u
n terms in the
polynomial.
129Xe
u = p2b2/2 , b = 2.2853 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0547144 0.0221559 0.0357742 −0.0885644 −0.0696691
u −0.146407 −0.0656100 −0.107895 0.254049 0.197380
u2 0.180603 0.0863920 0.145055 −0.332322 −0.254839
u3 −0.125526 −0.0631729 −0.108549 0.244981 0.185896
u4 0.0521484 0.0278792 0.0490401 −0.109298 −0.0825294
u5 −0.0126363 −0.00756661 −0.0136169 0.0296705 0.0224322
u6 0.00176284 0.00126767 0.00233283 −0.00492657 −0.00375109
u7 −1.32501 × 10−4 −1.27755 × 10−4 −2.39926 × 10−4 4.88467 × 10−4 3.77179 × 10−4
u8 4.23423 × 10−6 7.10322 × 10−6 1.35553 × 10−5 −2.65022 × 10−5 −2.09510 × 10−5
u9 −1.68052 × 10−9 −1.67272 × 10−7 −3.21404 × 10−7 5.98909 × 10−7 4.92362 × 10−7
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.00196369 0.00715281 0.146535 0.179056
u −0.00119154 −0.0134790 −0.409290 −0.508334
u2 −0.00324210 0.00788823 0.521423 0.657560
u3 0.00622602 0.00311153 −0.374011 −0.477988
u4 −0.00496653 −0.00653771 0.162155 0.209437
u5 0.00224469 0.00375478 −0.0424842 −0.0554186
u6 −5.74412 × 10−4 −0.00105558 0.00674911 0.00889251
u7 8.31313 × 10−5 1.59440 × 10−4 −6.33434 × 10−4 −8.42977 × 10−4
u8 −6.41114 × 10−6 −1.25055 × 10−5 3.20266 × 10−5 4.30517 × 10−5
u9 2.07744 × 10−7 4.04987 × 10−7 −6.54245 × 10−7 −8.88774 × 10−7
131Xe
u = p2b2/2 , b = 2.2905 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0417857 0.0167361 0.0271052 −0.0675438 −0.0529487
u −0.111132 −0.0472853 −0.0812985 0.195710 0.146987
u2 0.171306 0.0684924 0.122960 −0.306688 −0.225003
u3 −0.132481 −0.0514413 −0.0940491 0.243678 0.179499
u4 0.0630161 0.0237858 0.0439746 −0.118395 −0.0888278
u5 −0.0177684 −0.00692778 −0.0128013 0.0351428 0.0271514
u6 0.00282192 0.00124370 0.00227407 −0.00622577 −0.00499280
u7 −2.32247 × 10−4 −1.31617 × 10−4 −2.35642 × 10−4 6.31685 × 10−4 5.31148 × 10−4
u8 7.81471 × 10−6 7.46669 × 10−6 1.28691 × 10−5 −3.33272 × 10−5 −2.99162 × 10−5
u9 1.25984 × 10−9 −1.73484 × 10−7 −2.77011 × 10−7 6.82500 × 10−7 6.81902 × 10−7
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.00159352 0.00529643 0.111627 0.136735
u −0.00207344 −0.00528808 −0.308602 −0.393930
u2 0.00567412 −0.00627452 0.474842 0.617924
u3 −0.00605643 0.0227436 −0.375201 −0.488443
u4 0.00337794 −0.0192229 0.182382 0.234645
u5 −6.88135 × 10−4 0.00844826 −0.0539711 −0.0681357
u6 −3.42717 × 10−5 −0.00212755 0.00944180 0.0116393
u7 3.13222 × 10−5 3.03972 × 10−4 −9.34456 × 10−4 −0.00111487
u8 −4.02617 × 10−6 −2.27893 × 10−5 4.73386 × 10−5 5.34878 × 10−5
u9 1.72711 × 10−7 7.05661 × 10−7 −9.01514 × 10−7 −9.03594 × 10−7
22
TABLE V. Fits to the isoscalar/isovector structure factors S00, S11 and S01 as well as “proton-only” and “neutron-only”
structure factors Sp and Sn for spin-dependent WIMP elastic scattering off
73Ge (Int. 2) and 127I nuclei, including 1b and 2b
currents as in Fig. 10 and Fig. 11. The upper and lower limits from the theoretical error band were used for the fit. The fitting
function of the dimensionless variable u = p2b2/2 is Sij(u) = e
−u
∑
9
n=0 cij,nu
n. The rows give the coefficients cij,n of the u
n
terms in the polynomial.
73Ge (Int.2)
u = p2b2/2 , b = 2.1058 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.215608 0.0743728 0.120045 −0.321836 −0.253289
u −0.578786 −0.233814 −0.384157 0.950136 0.739394
u2 0.698020 0.341725 0.559728 −1.27413 −0.993188
u3 −0.372000 −0.259024 −0.415686 0.831035 0.659953
u4 0.107576 0.121206 0.188412 −0.323769 −0.269522
u5 −0.0182408 −0.0371226 −0.0568025 0.0831244 0.0745897
u6 0.00217108 0.00741080 0.0120204 −0.0151542 −0.0144162
u7 −2.07981 × 10−4 −9.02610 × 10−4 −0.00175855 0.00193259 0.00181542
u8 1.65907 × 10−5 5.81933 × 10−5 1.59975 × 10−4 −1.55025 × 10−4 −1.29365 × 10−4
u9 −5.95664 × 10−7 −1.38557 × 10−6 −6.66472 × 10−6 5.68777 × 10−6 3.77020 × 10−6
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.0138433 0.0366954 0.543270 0.657509
u −0.0138982 −0.0733258 −1.55198 −1.91400
u2 −0.00961825 0.0471313 2.03269 2.53820
u3 0.0275620 0.0281229 −1.28990 −1.63488
u4 −0.0101577 −0.0405538 0.496419 0.639763
u5 −0.00235492 0.0196085 −0.128347 −0.171656
u6 0.00246030 −0.00515247 0.0232676 0.0345442
u7 −6.53041 × 10−4 8.06626 × 10−4 −0.00274482 −0.00504185
u8 7.84526 × 10−5 −6.95571 × 10−5 1.81026 × 10−4 4.64828 × 10−4
u9 −3.61078 × 10−6 2.63102 × 10−6 −4.56383 × 10−6 −1.93402 × 10−5
127I
u = p2b2/2 , b = 2.2801 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0928480 0.0297755 0.0480576 0.105154 0.133610
u −0.252496 −0.0904582 −0.148155 −0.302437 −0.388379
u2 0.351982 0.145234 0.234436 0.452142 0.579490
u3 −0.260427 −0.132020 −0.205618 −0.371193 −0.471030
u4 0.118280 0.0769978 0.113448 0.192342 0.238903
u5 −0.0319614 −0.0290350 −0.0396327 −0.0631442 −0.0751672
u6 0.00492618 0.00701812 0.00870215 0.0130940 0.0144759
u7 −4.06546 × 10−4 −0.00105740 −0.00116942 −0.00169645 −0.00166889
u8 1.55818 × 10−5 9.11013 × 10−5 8.85742 × 10−5 1.28905 × 10−4 1.07845 × 10−4
u9 −1.64934 × 10−7 −3.44003 × 10−6 −2.91582 × 10−6 −4.47150 × 10−6 −3.09335 × 10−6
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.227779 0.274511 0.00729876 0.0174634
u −0.645502 −0.788708 −0.0124606 −0.0401552
u2 0.950398 1.16333 0.00820860 0.0429504
u3 −0.766815 −0.929643 0.00187492 −0.0171587
u4 0.391958 0.460285 −0.00353024 −5.50598 × 10−4
u5 −0.127209 −0.138933 0.00121496 0.00367288
u6 0.0262471 0.0247388 5.05292 × 10−5 −0.00150561
u7 −0.00342824 −0.00242940 −1.09891 × 10−4 2.73729 × 10−4
u8 2.66810 × 10−4 1.08740 × 10−4 2.14196 × 10−5 −2.38605 × 10−5
u9 −9.56532 × 10−6 −8.75631 × 10−7 −1.29204 × 10−6 8.31918 × 10−7
23
TABLE VI. Fits to the isoscalar/isovector structure factors S00, S11 and S01 as well as “proton-only” and “neutron-only”
structure factors Sp and Sn for spin-dependent WIMP elastic scattering off
19F, including 1b and 2b currents as in Fig. 12.
The upper and lower limits from the theoretical error band were used for the fit. The fitting function of the dimensionless
variable u = p2b2/2 is Sij(u) = e
−u
∑
14
n=0 cij,nu
n. The rows give the coefficients cij,n of the u
n terms in the polynomial.
19F
u = p2b2/2 , b = 1.8032 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.108058 0.0505180 0.0815382 0.147769 0.187748
u −0.143789 −0.102657 −0.172679 −0.248324 −0.324839
u2 0.0680848 0.111644 0.212269 0.196804 0.292189
u3 4.07415 × 10−4 −0.103800 −0.228208 −0.110517 −0.243481
u4 −0.0314817 0.0920875 0.213050 0.0431978 0.225724
u5 0.0385933 −0.0693892 −0.153539 0.00355133 −0.187879
u6 −0.0293716 0.0406756 0.0811970 −0.0214773 0.120370
u7 0.0152264 −0.0180247 −0.0312282 0.0171137 −0.0567987
u8 −0.00552655 0.00597662 0.00872716 −0.00777410 0.0195241
u9 0.00141965 −0.00146688 −0.00176305 0.00231495 −0.00485435
u10 −2.56989 × 10−4 2.61654 × 10−4 2.53666 × 10−4 −4.67535 × 10−4 8.61430 × 10−4
u11 3.20688 × 10−5 −3.28624 × 10−5 −2.52190 × 10−5 6.36451 × 10−5 −1.06203 × 10−4
u12 −2.62562 × 10−6 2.74752 × 10−6 1.63658 × 10−6 −5.60211 × 10−6 8.63415 × 10−6
u13 1.26950 × 10−7 −1.36980 × 10−7 −6.18772 × 10−8 2.88239 × 10−7 −4.15920 × 10−7
u14 −2.74719 × 10−9 3.07589 × 10−9 1.02158 × 10−9 −6.58792 × 10−9 8.98798 × 10−9
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.306344 0.377350 0.00186788 0.0108048
u −0.494703 −0.641645 0.00680710 0.00209733
u2 0.375778 0.575714 0.00639787 −0.0195694
u3 −0.210605 −0.482204 −0.0611310 0.0180694
u4 0.0963209 0.426127 0.114287 −0.00732843
u5 −0.0171498 −0.322095 −0.118072 −0.00123149
u6 −0.0189635 0.185010 0.0795624 0.00434979
u7 0.0194977 −0.0786211 −0.0371512 −0.00349429
u8 −0.00944981 0.0245769 0.0123395 0.00167052
u9 0.00288142 −0.00561387 −0.00293887 −5.31956 × 10−4
u10 −5.87122 × 10−4 9.23589 × 10−4 4.98543 × 10−4 1.15596 × 10−4
u11 8.01160 × 10−5 −1.06384 × 10−4 −5.88110 × 10−5 −1.69465 × 10−5
u12 −7.04748 × 10−6 8.13277 × 10−6 4.58527 × 10−6 1.60329 × 10−6
u13 3.61875 × 10−7 −3.70365 × 10−7 −2.12430 × 10−7 −8.83654 × 10−8
u14 −8.24953 × 10−9 7.60000 × 10−9 4.42852 × 10−9 2.15466 × 10−9
24
TABLE VII. Fits to the isoscalar/isovector structure factors S00, S11 and S01 as well as “proton-only” and “neutron-only”
structure factors Sp and Sn for spin-dependent WIMP elastic scattering off
23Na and 27Al nuclei, including 1b and 2b currents
as in Fig. 13. The upper and lower limits from the theoretical error band were used for the fit. The fitting function of the
dimensionless variable u = p2b2/2 is Sij(u) = e
−u
∑
9
n=0 cij,nu
n. The rows give the coefficients cij,n of the u
n terms in the
polynomial.
23Na
u = p2b2/2 , b = 1.8032 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0325305 0.00973487 0.0157138 0.0356077 0.0453141
u −0.0433531 −0.0185306 −0.0312138 −0.0582455 −0.0772792
u2 0.0319487 0.0199627 0.0351984 0.0551609 0.0769308
u3 −0.00568858 −0.00905267 −0.0180647 −0.0210939 −0.0327180
u4 2.67783 × 10−4 0.00207003 0.00580816 0.00499454 0.00946296
u5 2.44643 × 10−5 −2.28653 × 10−4 −0.00122900 −9.09266 × 10−4 −0.00199807
u6 −4.79620 × 10−6 4.31460 × 10−6 1.72086 × 10−4 1.28051 × 10−4 2.89585 × 10−4
u7 5.39846 × 10−7 1.67535 × 10−6 −1.52834 × 10−5 −1.20016 × 10−5 −2.59681 × 10−5
u8 −3.24691 × 10−8 −1.67911 × 10−7 7.73042 × 10−7 6.29181 × 10−7 1.25857 × 10−6
u9 8.09358 × 10−10 5.14559 × 10−9 −1.67756 × 10−8 −1.39823 × 10−8 −2.47908 × 10−8
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.0778747 0.0935155 0.00295139 0.00674243
u −0.120203 −0.151102 0.00244448 −0.00544448
u2 0.107422 0.142112 −0.00962904 0.00269565
u3 −0.0363689 −0.0545066 0.00975125 −9.31427 × 10−4
u4 0.00772009 0.0145342 −0.00442079 0.00173662
u5 −0.00126492 −0.00291698 0.00128249 −7.61018 × 10−4
u6 1.60790 × 10−4 4.11474 × 10−4 −2.40437 × 10−4 1.54324 × 10−4
u7 −1.38523 × 10−5 −3.69248 × 10−5 2.69633 × 10−5 −1.70449 × 10−5
u8 6.87170 × 10−7 1.86585 × 10−6 −1.61695 × 10−6 9.99396 × 10−7
u9 −1.46371 × 10−8 −4.02619 × 10−8 4.00602 × 10−8 −2.37364 × 10−8
27Al
u = p2b2/2 , b = 1.8405 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0888149 0.0256387 0.0412381 0.0949175 0.121145
u −0.117822 −0.0539361 −0.0881079 −0.152223 −0.212484
u2 0.0631336 0.0638570 0.0973265 0.108925 0.189337
u3 −0.00919554 −0.0473962 −0.0555104 −0.0348055 −0.0898511
u4 5.84421 × 10−4 0.0242338 0.0200475 0.00826932 0.0309681
u5 5.54484 × 10−4 −0.00781004 −0.00447580 −0.00135106 −0.00679460
u6 −1.15453 × 10−4 0.00153205 6.45927 × 10−4 1.93042 × 10−4 0.00101787
u7 1.40388 × 10−5 −1.76118 × 10−4 −5.82323 × 10−5 −2.20321 × 10−5 −9.71893 × 10−5
u8 −9.21830 × 10−7 1.08574 × 10−5 3.00602 × 10−6 1.39046 × 10−6 5.18194 × 10−6
u9 2.52336 × 10−8 −2.75875 × 10−7 −6.68767 × 10−8 −3.63020 × 10−8 −1.17607 × 10−7
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.209087 0.251154 0.00893959 0.0192751
u −0.317485 −0.417183 0.00590871 −0.0132327
u2 0.213007 0.344662 −0.0270773 −0.00545593
u3 −0.0610495 −0.147056 0.0233435 0.0111533
u4 0.0133827 0.0465970 −0.00948779 −0.00603345
u5 −0.00157210 −0.00899070 0.00262032 0.00259059
u6 1.66098 × 10−4 0.00121558 −4.42643 × 10−4 −6.07533 × 10−4
u7 −1.51579 × 10−5 −1.05060 × 10−4 4.79465 × 10−5 8.40120 × 10−5
u8 8.74763 × 10−7 5.13463 × 10−6 −2.80932 × 10−6 −5.86214 × 10−6
u9 −2.15130 × 10−8 −1.07015 × 10−7 6.92513 × 10−8 1.64380 × 10−7
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TABLE VIII. Fits to the isoscalar/isovector structure factors S00, S11 and S01 as well as “proton-only” and “neutron-only”
structure factors Sp and Sn for spin-dependent WIMP elastic scattering off
29Si, including 1b and 2b currents as in Fig. 13.
The upper and lower limits from the theoretical error band were used for the fit. The fitting function of the dimensionless
variable u = p2b2/2 is Sij(u) = e
−u
∑
9
n=0 cij,nu
n. The rows give the coefficients cij,n of the u
n terms in the polynomial.
29Si
u = p2b2/2 , b = 1.8575 fm
e−u× S00 S11 (1b+2b min) S11 (1b+2b max) S01 (1b+2b min) S01 (1b+2b max)
1 0.0140647 0.00434396 0.00692435 −0.0197473 −0.0155117
u −0.0188522 −0.00978508 −0.0145952 0.0343683 0.0258450
u2 0.0149891 0.0141312 0.0170700 −0.0349170 −0.0268086
u3 −0.00542122 −0.0120045 −0.0101378 0.0178060 0.0173458
u4 0.00117173 0.00602619 0.00368687 −0.00551301 −0.00805050
u5 −1.15932 × 10−4 −0.00177394 −7.87789 × 10−4 8.86605 × 10−4 0.00251057
u6 2.47182 × 10−5 3.11634 × 10−4 1.05603 × 10−4 −7.60246 × 10−5 −5.25166 × 10−4
u7 −3.04480 × 10−6 −3.20168 × 10−5 −8.92530 × 10−6 1.58691 × 10−6 6.63557 × 10−5
u8 2.00549 × 10−7 1.76286 × 10−6 4.47332 × 10−7 2.54524 × 10−7 −4.41639 × 10−6
u9 −5.46011 × 10−9 −3.97506 × 10−8 −9.82815 × 10−9 −1.38615 × 10−8 1.19592 × 10−7
e−u× Sp (1b+2b min) Sp (1b+2b max) Sn (1b+2b min) Sn (1b+2b max)
1 0.00125408 0.00296249 0.0337976 0.0409244
u 6.68801 × 10−4 −0.00455830 −0.0515755 −0.0717867
u2 −0.00210934 0.00942858 0.0452607 0.0799249
u3 0.00149251 −0.0105616 −0.0201013 −0.0491256
u4 −3.59430 × 10−4 0.00655559 0.00538148 0.0197508
u5 −4.73546 × 10−5 −0.00221187 −7.60569 × 10−4 −0.00486760
u6 4.81182 × 10−5 4.27089 × 10−4 9.20786 × 10−5 7.91536 × 10−4
u7 −9.10073 × 10−6 −4.47737 × 10−5 −9.01250 × 10−6 −7.77097 × 10−5
u8 8.45631 × 10−7 2.52194 × 10−6 5.41575 × 10−7 4.13236 × 10−6
u9 −3.00417 × 10−8 −5.89991 × 10−8 −1.39919 × 10−8 −9.10412 × 10−8
